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Problem Statement

e Runoffis coming from
precipitation.
Precipitation - Surface runoff

— Stream (or Drainage) runoff
- River runoff - Sea

Stream runoff

e Water Routing is trying to
solve discharge, stage (or
water depth) through
numerical simulation.

River runoff Watershed Division

% River runoff in this lecture
Includes the stream runoff
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Abstract Procedures of Real Phenomena

Real Abstract1 | Mathematical | Abstract 2 Numerical Abstract 3
e _ e _ e Solution
Phenomena representation representation
Step Abstract 1 Abstract 2 Abstract 3
lost ‘Reality -Mathematical reality Numerical reality
Complexity -Continuity -exactness
-Nonlinearity(sometimes)
gained | -Simple phenomena Linearity -Easy to see (simplicity)
-Easy to handle -Easy to calculate -Parameterized values
-Some degree of homogenity




Solution Approaches for Real Phenomena

SyStem <€— Real Phenomena

Physical Mathematical
Modeling Modeling
(experiment)

Limit Procedure

Discrete Model Continuous Model

(simulation) (Analysis)

Discretization

hin+l . hin R ah
At ot
(algebraic equation) (differential equation)



Applying Solution Approaches in River Ro

a Finding the relationship between adjacent two or more
points (For example, and , and |, and
and with the governing equations)

« Continuity equation
« Momentum or energy equation

Q Two different types between the relationship of equation

can be used in the river routing
e Inariver
e At river junction
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oMomentum Equation

e Full dynamic equation
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e Diffusion equation

oxX

+—eo— Horizontal Datum SECTION A-A a_h .
(So Sf)

e Kinematic equation

So:Sf
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River junction

O Continuity Equation

e Qui+ Quz+ Quz=0Qpb
O Energy Equation

vV 2 dv A
7“1+ ghu1+gZu1:U m dx]+ 2D +ghp +9Z, +gh;



Characteristics at River Junctions

River Junctio

e Flow Separation

e High Energy Losses

e Backwater Effects

e High Turbulence Effect

e Difficulty in Pressure
Description (in Junction Boundaries)

e Flow Mixing



River Junction Analysis

0 Experimental Approach
e Mainly, Used in local phenomena analysis
0 Numerical Approach

e Mainly, Used in entire network analysis
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Numerical Approach at River Junctions(1)

a Consideration as Lateral Inflow

\>>>‘ e Easy to Apply
Y - // e Disadvantage in large tributary inflow

O Sequential Type Junction

© \§> @?// e Without considering the storage effect
\4 »/ - + e Cannot consider backwater effect
ol o I




Numerical Approach at River Junctions(2)

a Drop Type Junction

\\( ->\

a Point Type Junction

h1 h2

\\‘( =P 111 - h3

hs

e Critical flow assumption

e Cannot consider backwater effect

e Backwater effect is partially accounted for.

e Storage effect is neglected.



Numerical Approach at River Junctions(3)

a Y Segment Assumption

©) ©) e Partial backwater and storage
G @ @ @ .
©) =) >_ + effect are considered
O,

© © e Easy for programming

0 Reservoir Type Junction

o h: e Backwater and storage effects
\‘ ’/ =P hi-ho-ha+(V3/2g) are considered
l e Energy losses at junctions are
" neglected
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e Commonly used approach in the

simultaneous solution algorithm.

0 Review of Numerical Approaches
e Lateral inflow approach and sequential type junction are not

realistic even though having the advantage of simlicity.

e Most approaches are based on the energy assumption even

though the momentum approach is used between the

adjacent river sections.

e The main reason for using the energy assumption is the

difficulty in pressure description in junction boundaries.
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Two Different Knowledges for Solution

O Discretization

e Discretization is to be changed as the discrete values
(unknowns) from the continuous differential equations.

e Methods
— Characteristics Approach
— Finite Difference Approach

— Finite Element Approach

a Solution Algorithm

e Solution algorithms are known as the available methods to be
used for finding the values of unknowns.

e Methods
— Gauss elimination

— Matrix inversion method
— Gauss Jordan method



Discretization(1)

o Characteristics Method

e The method to find the values of unknown in a
combining point using two different wave velocity
equations (C*,C").




Discretization(2)

a Finite Difference Method(1)

e The method to find the values of unknown using
discretization of the differential equations.

e For Explicit Scheme

Unknown variables at any point at the time level n+1is
computed based entirely on known data at a few adjacent points
at time level n or more previous time level n-1.

Lax Scheme
Leap-Frog Scheme
Diffusion Scheme
Staggered Scheme



Discretization(3)

0 Finite Difference Method(2)

e Implicit Scheme

- Unknown variables at any point at the time level n+1 are solved in a group
of advanced points through the use of simultaneous equations.

- 4 point scheme
- Abbott-lonescu scheme
- Vasiliev scheme

e Abbott-lonescu Scheme

S S
n+1 : : : : . >
s

i-2 i-1 i i+1 i+2 X
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Solution Algorithms(1)

a Simultaneous algebraic equation can be written as the

following forms.
a; X, + ad;, X, + a; ;X5 +

a The algebraic equations can be rewritten as a matrix form

[AI{x} = {C}

all
a21
a'31

anl

a12 a13

a‘22 a23

a32 a33

anz an3
*

coefficient matrix

ba LN
unknowns constants
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Solution Algorithms(2)

a Two different approaches in the solution algorithms are
used.

o Direct method

e The method is frequently called as elimination method or
reduction method.

e The solution is directly obtained through a simulation
procedure.
— Gauss elimination method
— Gauss-Jordan elimination method
— Use of matrix inversion

O Indirect method

e The method is frequently called as the iterative method.

e The solution is obtained through iterations using the assumed
unknown values.

— Gauss-Seidal method
— Jacobian method
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Solution Algorithms(3)

0 Gauss Elimination Method(1)
e Original relation

Oy Xy + 8 Xy F Xy Fererreee &, %, =C,

e Original relation is divided by the coefficient of unknown value(x.)

a12 a13 ain

X, + =2 X, + =2 X v X, =—
Ay Ay Ay Ay

e Unknowns(x,,X, ) except the last unknown value (x») are
eliminated by multlpllylng by the coefficient of unknown values.




Solution Algorithms(4)

0 Gauss Elimination Method(2)

« After the triangular set of equations has been obtained, the
last unknown value is obtained directly.

-1 -1
ann Xn — Cn
-1
Cn
Xn = q 1

— i indicated the number of reduction procedure

 The remained unknowns(x,,X,...X,_;) are obtained in the
equations with the substitution from the last unknown( X,).



Solution Algorithms(5)

Q Gauss-Seidal Method
e QOriginal relation

Oy Xy T A Xy T ApgXg Horreeeeee a, X, =C,

e Assign the initial values for the unknown values appearing in
the original relation.

e Starting with the first equation, solve the first unknown value
using the assumed values for the other unknowns.

e Proceed with the remaining equations, and then finally the
remained unknown values are obtained.

e Because of the error in the assumption of initial values,
continue the iterations until the values of each unknown are
with in the range of error.



Finite Difference Approximation

a Four Points Scheme

n+1
\ hin+l hi+l
n+1
w n+1
n+1
E QI Q|+1

At
n 0 hn
h, I " LENGTH
n 7

+ SE——

i Qin Qi i+1
n+1 n n+l n
o time derivative : M _1[ha R, o -h
8'[ 2 At At

e space derivative:  Q_(Ql-Q™) 4 4 (QL-Q
OX AX AX

e coefficients: 1
fisn2 :E(fi + fi+1)



Finite Difference Formulation of Continuity

n+1 _n+1 n_on

0 Qi+1 Q| + (1_ 9) Q|+1 QI 4+ 1 birjrl/Z
AX AX 2At

n+1

(h* =y R =) = + (- 0))

I+1 liv1/2

DlQin+1 + Elhin+1 + FlQin++11 + Glhirril =T,
where
b =-40y
E1 - 2b|n+1/2
R =40y

Gl — anﬂjz
T, =200,,h + 207, .1, +401- 0" - 41— Oy, +4aNqTy, —A1-O) A,

n+1 n+l

DZ(DirHr1 + EZhirH_1 + FZQi+l + GZhi+1 = TZ
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n+1 n+1 n+1 n+1
D8Qu1 +EsQuz JrI:81Qu3 +Gs D :Ts

D, =6
E, = 0
Fe = 0
G, = 0

T8 — _(1_ 9)(Qun1 + Qunz + Qun3 + QB)
A



Momentum Equation at River Junctic

n+1 n+1 n+1 n+l
DlOQul +E10hu1 +F10 D +GthD _T10

deA‘Tlelrjl

ul

DlO = COS yul + o 29%”qu COS yul

200AtA" S " n
E,, =—-290yA;, - 90 flﬂ(aKMj

K. oh

ZgHAt(ALTl + A, + A\?s)sfr,;

Fo =1+20ypV] + .
Qo

ZggAt(Al + A+ A\TB)Sf;l [5ng

Gy, = 290w (A", + ALAY )-
10 g W(Aul AJZA.B) KB ah
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Matrix Coefficients In a river

A;; Qg
Ap; Ay 8pz dyy
Az 83p @dzz dgy
Ayy 8yp Gyz Gy

A5y 8y gz dgy

Ai11 Q12 Q13 Qpqg




Reduced Matrix Coefficients In a ri

CEEl dp
Ay Ao dy3 Aoy
Azg Az Agz Az
Ay Ay Ay Ay
ds; dsp ds3 Agy




&; &, -~ - - - - -
a2,1 a2,2 a2,3 a2,4 - - - -
a3,1 a3,2 33,3 a3,4 - - - -

e R VR
e S PR ¥

Recursion equations:
_ Zi _Mi _Mi,4xi+1
B Ivli,3

_ Zi _ai,4xi+2 —dis _ai,SXi+l

X

X,

Q3 39,4 -
Aoz Qoq -

;1=135,.....,2n-1

N=24,....., 2n




0 The recurrent coefficients of the momentum equations N

ariver are:

In which the index 1 = (2xstation number )—1



Proposed Solution Algorithm in a River(3)

0 The recurrent coefficients of the continuity equation
In ariver are:

M.
M, =-a, =22 4 a; ,
’ M,
|\/| —_al &_Fal
ig = dijs3 i 3
? M. 1,

M ——a iz g
i4 i-1,4 i,4
M i-1,2
/. M.
i—1 ai,l i—2 1T
i-1,2 i-2,3

Z :_Mi,z

In which theindex 1= 2xstation number.

2



Proposed Solution Algorithm at River Jung

O The recurrent coefficient of the energy or
momentum equation at channel junctions are:

M.
M., =-a, =24 a; ,
M i-1,3
Z,=-a;, Zia + 7.
M i-1,3
In which the index | =2xstation number.



Proposed Solution Algorithm at River Jung

O The recurrent coefficient of the continuity equation
at river junctions are:

N a‘2u 3
_ ko
M Mi,g _ai,4_zai,k B
B _ M 2U—1k—1,3 k=1 2uk
2u, —  "Vlau,2
2Uk_1’4
NC a
2u, .4
7 M iq = _Z a; B
2u, -1 k=1 2u
Duw, =Z2a, —May, 2 ——— ‘
Mau -14 - D
_ 2u
ZI =T~ Z a; B
k=1 2u

In which NC is number of upstream branches; U, is
upstream section number along branch number k, and
index i = (2x station number)+1
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Application to the Model(1)

o Inthe example, 8 equations (4x2eqs=8) exist and 10 unknowns
(4x2egs =8) need to be solved using the model.

o Therefore, two equations lack to find the solutions. Usually, two
boundary conditions are used to solve the unknown values.

e Stage (or water depth) variation depending upon time
e Stage-discharge relationship
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Application to the Model(2)

0 Upstream Boundary Condition

hm) 4
or
Q(ms)/sec)
>
Time
h(m) 4
or
Q(mg’/sec)
/Assuming Constant thin depth
—>
Time



Application to the Model(3)

0 Downstream Boundary Condition

h(m) 4 h(m) A
l_ Constant depth (reservoir)
> >
Time Time
A
Q(m?7sec)
1 21
v=—R3?

n

s < uniform flow assumption>

h(m)
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